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In this paper, a new generalized form of the Gegenbauer polynomials is introduced
by using the integral representation method. Further, the Hermite–Gegenbauer and the
Laguerre–Gegenbauer polynomials are introduced by using the operational identities
associated with the generalized Hermite and Laguerre polynomials of two variables.
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1. Introduction
Dattoli et al. [7] have used the link between Hermite and Gegenbauer polynomials to introduce generalized forms of
Gegenbauer polynomials. The strategy of generalization developed in [7] is complementary to that of Gould [11] and beneﬁts
from the variety of existing Hermite polynomials.
To give an idea of the procedure adopted in [7], we recall that the 2-variable Hermite–Kampé de Fériet polynomials
(2VHKdFP) [1]
Hn(x, y) = n!
[ n2 ]∑
k=0
ykxn−2k
k!(n − 2k)! (1.1)
are used to introduce the 2-variable 1-parameter Gegenbauer polynomials (2V1PGeP) C (ν)n (x, y;α) by the following integral
representation [7, p. 41(30)]:
C (ν)n (x, y;α) = 1n!Γ (ν)
∞∫
0
e−αttn+ν−1Hn
(
2x,− y
t
)
dt. (1.2)
The relevant generating function which was obtained by using the integral representation (1.2) is given as [7, p. 41(31)]:
1
(α − 2xξ + yξ2)ν =
∞∑
n=0
C (ν)n (x, y;α)ξn (ν = 0). (1.3)
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p. 58(6.2)], see also [2,9],
gmn (x, y) = H (m)n (x, y) = n!
[ nm ]∑
k=0
ykxn−mk
k!(n −mk)! (1.4)
are used to introduce the 2-variable 1-parameter generalized Gegenbauer polynomials (2V1PgGeP) (s)C
(ν)
n (x, y;α) as [7,
p. 44(43)]:
(s)C
(ν)
n (x, y;α) = 1n!Γ (ν)
∞∫
0
e−αttn+ν−1H (s)n
(
sx,− y
ts−1
)
dt, (1.5)
with the generating function
1
(α − sxξ + yξ s)ν =
∞∑
n=0
(s)C
(ν)
n (x, y;α)ξn (ν = 0). (1.6)
The recurrence relations for (s)C
(ν)
n (x, y;α) are given as [7, p. 44(46)]:
n + 1
sν
(s)C
(ν)
n+1(x, y;α) = x (s)C (ν+1)n (x, y;α) − y (s)C (ν+1)n−s+1(x, y;α), (1.7)
∂
∂ y
(s)C
(ν)
n (x, y;α) = −ν (s)C (ν+1)n−s (x, y;α). (1.8)
We note the following special cases:
(2)C
(ν)
n (x, y;α) = C (ν)n (x, y;α), (1.9)
(s)C
(1)
n (x, y;α) = (s)Un(x, y;α), (1.10)
(2)C
(1)
n (x, y;α) = (2)Un(x, y;α) = Un(x, y;α), (1.11)
where (s)Un(x, y;α) and Un(x, y;α) denote the 2-variable 1-parameter generalized Chebyshev polynomials (2V1PgCP) [7]
and the 2-variable 1-parameter Chebyshev polynomials (2V1PCP) [7] respectively.
Also, we note that
(s)C
( 12 )
n (x, y;α) = (s)Pn(x, y;α), (1.12)
(2)C
( 12 )
n (x, y;α) = (2)Pn(x, y;α) = Pn(x, y;α), (1.13)
where (s)Pn(x, y;α) and Pn(x, y;α) denote the 2-variable 1-parameter generalized Legendre polynomials (2V1PgLeP) [7]
and the 2-variable 1-parameter Legendre polynomials (2V1PLeP) [7] respectively.
Also, the 3-variable Hermite polynomials (3VHP) [2]
Hn(x, y, z) = n!
[ n3 ]∑
k=0
zkHn−3k(x, y)
k!(n − 3k)! (1.14)
are used to introduce the 3-variable 1-parameter Gegenbauer polynomials (3V1PGeP) C (ν)n (x, y, z;α) in the following form
[7, p. 45(48)]:
C (ν)n (x, y, z;α) = 1n!Γ (ν)
∞∫
0
e−αttn+ν−1Hn
(
3x,−2y
t
,− z
t2
)
dt, (1.15)
with the generating function
1
(α − 3xξ + 2yξ2 + zξ3)ν =
∞∑
n=0
C (ν)n (x, y, z;α)ξn (ν = 0). (1.16)
The operational techniques (including differential and integral operators) provide a systematic and analytic approach to
study special functions. The operational techniques combined with the monomiality principle [3,15] open new possibilities
to deal with the theoretical foundations of special polynomials and also to introduce new families of polynomials. The
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Dattoli and his co-workers, see for example [2,3,5,8,9]. Recently, Subuhi Khan and Al-Gonah [13] introduced Laguerre–Gould
Hopper polynomials (LGHP) L H
(m,s)
n (x, y, z) by employing certain operational methods. These polynomials are deﬁned by
L H
(m,s)
n (x, y, z) = n!
[ ns ]∑
k=0
zk mLn−sk(x, y)
k!(n − sk)! , (1.17)
where mLn(x, y) are the 2-variable generalized Laguerre polynomials (2VgLP) speciﬁed by the series deﬁnition [8,
p. 213(27)]:
mLn(x, y) = n!
[ nm ]∑
r=0
xr yn−mr
(r!)2(n −mr)! . (1.18)
The LGHP L H
(m,s)
n (x, y, z) are deﬁned by the following generating function:
exp
(
yt + zts)C0(−xtm)=
∞∑
n=0
L H
(m,s)
n (x, y, z)
tn
n! , (1.19)
where C0(x) denotes the 0th order Tricomi function. The nth order Tricomi functions Cn(x) are deﬁned as [14]:
Cn(x) =
∞∑
r=0
(−1)rxr
r!(n + r)! . (1.20)
Also, the LGHP L H
(m,s)
n (x, y, z) are deﬁned through the following operational rule:
L H
(m,s)
n (x, y, z) = exp
(
D−1x
∂m
∂ ym
+ z ∂
s
∂ ys
){
yn
}
, (1.21)
where D−1x denotes the inverse of the derivative operator Dx := ∂∂x and is deﬁned in such a way that
D−nx
{
f (x)
}= 1
(n − 1)!
x∫
0
(x− ξ)n−1 f (ξ)dξ, (1.22)
so that for f (x) = 1, we have
D−nx {1} =
xn
n! . (1.23)
In this paper, we use integral representation method to introduce a generalized form of Gegenbauer polynomials. Further,
two new families namely the Hermite–Gegenbauer and the Laguerre–Gegenbauer polynomials are introduced by using the
operational identities associated with the GHP H (m)n (x, y) and the 2VgLP mLn(x, y). We recall that the multiplicative operator
MˆH of the GHP H
(m)
n (x, y), deﬁned by Eq. (1.4), is given by [2]
MˆH := x+my ∂
m−1
∂xm−1
. (1.24)
In view of the monomiality principle, we have
H (m)n (x, y) =
(
x+my ∂
m−1
∂xm−1
)n
{1}, (1.25)
which yields series deﬁnition (1.4).
The polynomials H(m)n (x, y) are deﬁned by means of the operational deﬁnition
H (m)n (x, y) = exp
(
y
∂m
∂xm
){
xn
}
. (1.26)
Next, for the 2VgLP mLn(x, y) the multiplicative operator MˆL is given by [8]
MˆL := y +mD−1x
∂m−1
∂ ym−1
. (1.27)
Again, by using monomiality principle, we can write
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(
y +mD−1x
∂m−1
∂ ym−1
)n
{1}, (1.28)
which yields series deﬁnition (1.18).
The operational deﬁnition for the 2VgLP mLn(x, y) is given as:
mLn(x, y) = exp
(
D−1x
∂m
∂ ym
){
yn
}
. (1.29)
In the next section, we introduce the 3-variable 1-parameter generalized Gegenbauer polynomials (3V1PgGeP)
νC
(m,s)
n (x, y, z;α) by using the integral representation method. The generating functions, series deﬁnition and recurrence
relations for the 3V1PgGeP are derived.
2. Generalized Gegenbauer polynomials
The 3-variable generalized Hermite polynomials (3VgHP) H (s,m)n (x, y, z) are speciﬁed by the series deﬁnition [10, p. 414]
(see also [6])
H (s,m)n (x, y, z) = n!
[ ns ]∑
k=0
zkH (m)n−sk(x, y)
k!(n − sk)! (2.1)
and by the generating function
exp
(
xξ + yξm + zξ s)=
∞∑
n=0
H (s,m)n (x, y, z)
ξn
n! . (2.2)
In particular, we note that
H (3,2)n (x, y, z) = Hn(x, y, z), (2.3)
where Hn(x, y, z) are the 3VHP deﬁned in Eq. (1.14).
Next, using deﬁnitions (1.26) and (1.4) in the r.h.s. of deﬁnition (2.1), we ﬁnd
H (s,m)n (x, y, z) = exp
(
y
∂m
∂xm
){
H (s)n (x, z)
}
, (2.4)
which in view of the operational deﬁnition (1.26) gives the following operational rule for the 3VgHP H (s,m)n (x, y, z):
H (s,m)n (x, y, z) = exp
(
y
∂m
∂xm
+ z ∂
s
∂xs
){
xn
}
. (2.5)
We use the 3VgHP H(s,m)n (x, y, z) to introduce the 3V1PgGeP νC
(m,s)
n (x, y, z;α) in the following form:
νC
(m,s)
n (x, y, z;α) = 1n!Γ (ν)
∞∫
0
e−αttn+ν−1H (s,m)n
(
sx,− my
tm−1
,− z
ts−1
)
dt. (2.6)
It is evident that in view of the relation
tnH (s,m)n (x, y, z) = H (s,m)n
(
xt, ytm, zts
)
, (2.7)
formula (2.6) can be expressed equivalently as:
νC
(m,s)
n (x, y, z;α) = 1n!Γ (ν)
∞∫
0
e−αttν−1H (s,m)n (sxt,−myt,−zt)dt. (2.8)
Now, making use of Eqs. (2.1), (1.4) and the formula [14]
a−ν = 1
Γ (ν)
∞∫
0
e−attν−1 dt, (2.9)
we ﬁnd that the 3V1PgGeP νC
(m,s)
n (x, y, z;α) are deﬁned by the following series:
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(m,s)
n (x, y, z;α) = 1
Γ (ν)
[ ns ]∑
k=0
[ n−skm ]∑
r=0
Γ (n − sk + k −mr + r + ν)(sx)n−sk−mr(−my)r(−z)k
αn−sk+k−mr+r+ν(n − sk −mr)!k!r! . (2.10)
We note the following special cases:
νC
(m,s)
n (x,0, z;α) = (s)C (ν)n (x, z;α), (2.11)
νC
(m,2)
n (x,0, z;α) = (2)C (ν)n (x, z;α) = C (ν)n (x, z;α), (2.12)
νC
(2,3)
n (x, y, z;α) = C (ν)n (x, y, z;α). (2.13)
The generating function for νC
(m,s)
n (x, y, z;α) can be obtained with the help of generating function (2.2) of the 3VgHP.
By multiplying both sides of Eq. (2.8) by ξn and summing up over n, we ﬁnd
∞∑
n=0
νC
(m,s)
n (x, y, z;α)ξn = 1
Γ (ν)
∞∫
0
e−αttν−1
∞∑
n=0
H (s,m)n (sxt,−myt,−zt) ξ
n
n! dt. (2.14)
Using generating function equation (2.2) in the r.h.s. of the above equation and expanding the exponential in the r.h.s. of
the resultant equation and then integrating it over t by using relation (2.9), we get
∞∑
n=0
νC
(m,s)
n (x, y, z;α)ξn = α−ν
∞∑
k=0
(ν)k
k!
(
sxξ −myξm − zξ s
α
)k
, (2.15)
which in view of the expansion [14]
(1− x)−λ =
∞∑
n=0
(λ)n
n! x
n, (2.16)
gives the following generating function of the 3V1PgGeP νC
(m,s)
n (x, y, z;α):
∞∑
n=0
νC
(m,s)
n (x, y, z;α)ξn = 1
(α − sxξ +myξm + zξ s)ν (ν = 0). (2.17)
Further, the integral representation (2.8) can be used to establish other properties of the 3V1PgGeP νC
(m,s)
n (x, y, z;α)
with the help of the corresponding properties of the 3VgHP H (s,m)n (x, y, z). For instance, it is well known that the 3VgHP
H(s,m)n (x, y, z) satisfy the recurrence relations [6]
∂
∂x
H (s,m)n (x, y, z) = nH (s,m)n−1 (x, y, z), (2.18)(
x+my ∂
m−1
∂xm−1
+ sz ∂
s−1
∂xs−1
)
H (s,m)n (x, y, z) = H (s,m)n+1 (x, y, z). (2.19)
Replacing x by sxt , y by −myt and z by −zt in Eqs. (2.18) and (2.19) and using the relation
∂
∂(stx)
= 1
st
∂
∂x
(2.20)
in the resultant equations, we ﬁnd
∂
∂x
H (s,m)n (sxt,−myt,−zt) = stnH(s,m)n−1 (sxt,−myt,−zt), (2.21)(
sxt − m
2 yt
(st)m−1
∂m−1
∂xm−1
− szt
(st)s−1
∂ s−1
∂xs−1
)
H (s,m)n (sxt,−myt,−zt) = H (s,m)n+1 (sxt,−myt,−zt). (2.22)
Using the following general form of Eq. (2.21):
∂m
∂xm
H (s,m)n (sxt,−myt,−zt) = (st)
mn!
(n −m)!H
(s,m)
n−m (sxt,−myt,−zt) (2.23)
in the l.h.s. of Eq. (2.22), we ﬁnd
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2 yt
(n −m + 1)!H
(s,m)
n−m+1(sxt,−myt,−zt) −
n!szt
(n − s + 1)!H
(s,m)
n−s+1(sxt,−myt,−zt)
= H (s,m)n+1 (sxt,−myt,−zt). (2.24)
Now, multiplying both sides of Eqs. (2.21) and (2.24) by e
−αt tν−1
n!Γ (ν) and integrating the resultant equations with respect to
t between the limits 0 to ∞ and then using formula (2.8), we get the following recurrence relations for νC (m,s)n (x, y, z;α):
∂
∂x
νC
(m,s)
n (x, y, z;α) = sν ν+1C (m,s)n−1 (x, y, z;α) (2.25)
and
sx ν+1C (m,s)n (x, y, z;α) −m2 y ν+1C (m,s)n−m+1(x, y, z;α) − sz ν+1C (m,s)n−s+1(x, y, z;α) =
n + 1
ν
νC
(m,s)
n+1 (x, y, z;α), (2.26)
respectively.
In the next section, we introduce the Hermite and the Laguerre based Gegenbauer polynomials by using the multiplica-
tive operators for the GHP H(m)n (x, y) and the 2VgLP mLn(x, y) respectively.
3. Hermite and Laguerre based Gegenbauer polynomials
We introduce the Hermite–Gegenbauer polynomials (HGeP) by taking the GHP H (m)n (x, y) as a base in the generating
function (1.6) of the 2V1PgGeP (s)C
(ν)
n (x, z;α).
Denoting the HGeP by HC
(m,s)
n,ν (x, y, z;α), we consider the generating function
1
(α − sMˆHξ + zξ s)ν
=
∞∑
n=0
HC
(m,s)
n,ν (x, y, z;α)ξn (ν = 0), (3.1)
which is the result of replacement of x in Eq. (1.6) by the multiplicative operator MˆH of the GHP H
(m)
n (x, y).
Now, using the expression of MˆH given in Eq. (1.24), we ﬁnd
1
(α + zξ s)ν
(
1− s(x+my
∂m−1
∂xm−1 )ξ
α + zξ s
)−ν
=
∞∑
n=0
HC
(m,s)
n,ν (x, y, z;α)ξn. (3.2)
Using Eqs. (2.16) and (1.25) in the l.h.s. of the above equation, we ﬁnd
1
(α + zξ s)ν
∞∑
k=0
(ν)k
k!
(
sξ
α + zξ s
)k
H (m)k (x, y) =
∞∑
n=0
HC
(m,s)
n,ν (x, y, z;α)ξn, (3.3)
which in view of series deﬁnition (1.4), becomes
1
(α + zξ s)ν
∞∑
k=0
[ km ]∑
r=0
(ν)k
(
sξ
α + zξ s
)k xk−mr yr
(k −mr)!r! =
∞∑
n=0
HC
(m,s)
n,ν (x, y, z;α)ξn. (3.4)
Now, replacing k by k +mr in the l.h.s. of Eq. (3.4) and using the lemma [14, p. 101]:
∞∑
k=0
[ km ]∑
r=0
A(r,k) =
∞∑
k=0
∞∑
r=0
A(r,k +mr) (3.5)
in the resultant equation, we ﬁnd
1
(α + zξ s)ν
∞∑
k=0
∞∑
r=0
(ν)k+mr
(
sξ
α + zξ s
)k+mr xk
k!
yr
r! =
∞∑
n=0
HC
(m,s)
n,ν (x, y, z;α)ξn. (3.6)
Finally, using Eq. (2.16) in the l.h.s. of the above equation and then using the relation [14]
(ν)mr =mmr
m∏
j=1
(
ν + j − 1
m
)
r
(3.7)
and the following deﬁnition of the generalized hypergeometric function p Fq [14]:
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∞∑
n=0
(α1)n · · · (αp)n
(β1)n · · · (βq)n
xn
n! , (3.8)
we ﬁnd the following generating function for the Hermite–Gegenbauer polynomials HC
(m,s)
n,ν (x, y, z;α):
1
(α − sxξ + zξ s)ν mF0
(
	(m, ν);−;
(
msξ
α − sxξ + zξ s
)m
y
)
=
∞∑
n=0
HC
(m,s)
n,ν (x, y, z;α)ξn, (3.9)
where 	(m, ν) denotes the array of m parameters νm ,
ν+1
m , . . . ,
ν+m−1
m , m 1.
Next, we proceed to ﬁnd the integral representation and operational rule for the HGeP HC
(m,s)
n,ν (x, y, z;α).
Using deﬁnition (1.4) in Eq. (1.5) and then replacing y by z and x by the multiplicative operator MˆH of the GHP H
(m)
n (x, y)
and using Eq. (1.25) and relation
tnH (m)n (x, y) = H (m)n
(
xt, ytm
)
, (3.10)
we ﬁnd
HC
(m,s)
n,ν (x, y, z;α) = 1
Γ (ν)
∞∫
0
e−αttn+ν−1
[ ns ]∑
k=0
( −z
ts−1 )
kH (m)n−sk(sx, s
m y)
k!(n − sk)! dt, (3.11)
which in view of deﬁnition (2.1) and using Eq. (2.7), yields the following integral representation:
HC
(m,s)
n,ν (x, y, z;α) = 1n!Γ (ν)
∞∫
0
e−αttν−1H (s,m)n
(
sxt, y(st)m,−zt)dt. (3.12)
Now, making use of Eqs. (2.1), (1.4) and (2.9), we ﬁnd that the HGeP HC
(m,s)
n,ν (x, y, z;α) are deﬁned by the following
series:
HC
(m,s)
n,ν (x, y, z;α) = 1
Γ (ν)
[ ns ]∑
k=0
[ n−skm ]∑
r=0
Γ (n − sk + k + ν)sn−skxn−sk−mr yr(−z)k
αn−sk+k+ν(n − sk −mr)!r!k! . (3.13)
Again, using Eqs. (3.10), (1.26) and (1.4) in the r.h.s. of Eq. (3.11) and in view of integral representation (1.5), we get the
following operational formula:
HC
(m,s)
n,ν (x, y, z;α) = exp
(
y
∂m
∂xm
){
(s)C
(ν)
n (x, z;α)
}
. (3.14)
Further, we show that the recurrence relations for the HGeP HC
(m,s)
n,ν (x, y, z;α) can be obtained from the corresponding
ones satisﬁed by the 2V1PgGeP (s)C
(ν)
n (x, z;α) by making use of the above operational formula.
Replacing y by z in relation (1.7) and then operating exp(y ∂
m
∂xm ) on the resultant equation and making use of the formula
[12, p. 59]:
exp
(
λ
∂m
∂ ym
){
p1(y)p2(y)
}= p1
(
y +mλ ∂
m−1
∂ ym−1
)
exp
(
λ
∂m
∂ ym
)
p2(y), (3.15)
to ﬁnd the action of exp(y ∂
m
∂xm ) on the product term, we ﬁnd
n + 1
sν
exp
(
y
∂m
∂xm
){
(s)C
(ν)
n+1(x, z;α)
}= xexp
(
y
∂m
∂xm
){
(s)C
(ν+1)
n (x, z;α)
}
+my ∂
m−1
∂xm−1
exp
(
y
∂m
∂xm
){
(s)C
(ν+1)
n (x, z;α)
}
− exp
(
y
∂m
∂xm
){
z (s)C
(ν+1)
n−s+1(x, z;α)
}
. (3.16)
Now, using operational deﬁnition (3.14), we get the following differential recurrence relation for the HGeP
HC
(m,s)
n,ν (x, y, z;α):
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sν
HC
(m,s)
n+1,ν(x, y, z;α) = x HC (m,s)n,ν+1(x, y, z;α) +my
∂m−1
∂xm−1 H
C (m,s)n,ν+1(x, y, z;α)
− z HC (m,s)n−s+1,ν+1(x, y, z;α). (3.17)
Similarly, we ﬁnd the recurrence relation
∂
∂z
HC
(m,s)
n,ν (x, y, z;α) = −ν HC (m,s)n−s,ν+1(x, y, z;α), (3.18)
corresponding to Eq. (1.8).
It is worthy to mention that the generating function (3.9) and recurrence relations (3.17) and (3.18) of the HGeP
HC
(m,s)
n,ν (x, y, z;α) can also be obtained from the corresponding ones of the 3VgHP H (s,m)n (x, y, z) by making use of inte-
gral representation (3.12).
Following the same method used in introducing the HGeP HC
(m,s)
n,ν (x, y, z;α), we introduce the Laguerre–Gegenbauer
polynomials (LGeP) corresponding to the multiplicative operator MˆL of the 2VgLP mLn(x, y). Denoting the LGeP by
LC
(m,s)
n,ν (x, y, z;α), we consider the generating function
1
(α − sMˆLξ + zξ s)ν
=
∞∑
n=0
LC
(m,s)
n,ν (x, y, z;α)ξn (ν = 0), (3.19)
which is the result of replacement of x in Eq. (1.6) by the multiplicative operator MˆL of the 2VgLP mLn(x, y).
Now, using the expression of MˆL given in Eq. (1.27) and following the same procedure leading to the generating function
(3.9) and in view of deﬁnition (1.18), we ﬁnd the generating function for the LGeP LC
(m,s)
n,ν (x, y, z;α) in the following form:
1
(α − syξ + zξ s)ν mF1
(
	(m, ν);1;
(
msξ
α − syξ + zξ s
)m
x
)
=
∞∑
n=0
LC
(m,s)
n,ν (x, y, z;α)ξn. (3.20)
Next, to derive the integral representation for the LGeP LC
(m,s)
n,ν (x, y, z;α), we use deﬁnition (1.4) in Eq. (1.5) and replace
y by z and x by the multiplicative operator MˆL of the 2VgLP mLn(x, y) and then use Eq. (1.28) and relation
tn mLn(x, y) = mLn
(
xtm, yt
)
, (3.21)
to ﬁnd
LC
(m,s)
n,ν (x, y, z;α) = 1
Γ (ν)
∞∫
0
e−αttn+ν−1
[ ns ]∑
k=0
( −z
ts−1 )
k
mLn−sk(smx, sy)
k!(n − sk)! dt, (3.22)
which in view of deﬁnition (1.17), yields the following integral representation for the LGeP LC
(m,s)
n,ν (x, y, z;α):
LC
(m,s)
n,ν (x, y, z;α) = 1n!Γ (ν)
∞∫
0
e−αttn+ν−1 L H (m,s)n
(
smx, sy,− z
ts−1
)
dt. (3.23)
Again, in view of the relation
tn L H
(m,s)
n (x, y, z) = L H (m,s)n
(
xtm, yt, zts
)
, (3.24)
integral representation (3.23) can be expressed equivalently as:
LC
(m,s)
n,ν (x, y, z;α) = 1n!Γ (ν)
∞∫
0
e−αttν−1 L H (m,s)n
(
x(st)m, syt,−zt)dt. (3.25)
Now, making use of Eqs. (1.17), (1.18) and (2.9), we ﬁnd that the LGeP LC
(m,s)
n,ν (x, y, z;α) are deﬁned by the following
series:
LC
(m,s)
n,ν (x, y, z;α) = 1
Γ (ν)
[ ns ]∑
k=0
[ n−skm ]∑
r=0
Γ (n − sk + k + ν)sn−sk yn−sk−mrxr(−z)k
αn−sk+k+ν(n − sk −mr)!(r!)2k! . (3.26)
Also, we note the following link between the LGeP and the HGeP:
LC
(m,s)
n,ν (x, y, z;α) = HC (m,s)n,ν
(
y, D−1x , z;α
)
, (3.27)
which is obtained by replacing x by y, y by D−1x in Eq. (3.13) and then using Eqs. (1.23) and (3.26).
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Eq. (3.22) and then the integral representation (1.5), so that we obtain
LC
(m,s)
n,ν (x, y, z;α) = exp
(
D−1x
∂m
∂ ym
){
(s)C
(ν)
n (y, z;α)
}
. (3.28)
Finally, replacing x by y, y by z in Eqs. (1.7), (1.8) and then operating exp(D−1x ∂
m
∂ ym ) on the resultant equation and using
Eqs. (3.15) and (3.28), we get the following recurrence relations for the LGeP LC
(m,s)
n,ν (x, y, z;α):
n + 1
sν
LC
(m,s)
n+1,ν(x, y, z;α)
= y LC (m,s)n,ν+1(x, y, z;α) +mD−1x
∂m−1
∂ ym−1 L
C (m,s)n,ν+1(x, y, z;α) − z LC (m,s)n−s+1,ν+1(x, y, z;α), (3.29)
∂
∂z
LC
(m,s)
n,ν (x, y, z;α) = −ν LC (m,s)n−s,ν+1(x, y, z;α). (3.30)
Taking ν = 1 in Eqs. (3.12), (3.25) and in view of relation (1.10), we ﬁnd the following integral representations for the
Hermite and Laguerre based Chebyshev polynomials:
HU
(m,s)
n (x, y, z;α) = 1n!
∞∫
0
e−αt H (s,m)n
(
sxt, y(st)m,−zt)dt, (3.31)
LU
(m,s)
n (x, y, z;α) = 1n!
∞∫
0
e−αt L H (m,s)n
(
x(st)m, syt,−zt)dt, (3.32)
respectively.
Again, taking ν = 1/2 in Eqs. (3.12), (3.25) and in view of relation (1.12), we ﬁnd the following integral representations
for the Hermite and Laguerre based Legendre polynomials:
H P
(m,s)
n,ν (x, y, z;α) = 1
n!√π
∞∫
0
e−αtt−1/2H (s,m)n
(
sxt, y(st)m,−zt)dt, (3.33)
L P
(m,s)
n,ν (x, y, z;α) = 1
n!√π
∞∫
0
e−αtt−1/2 L H (m,s)n
(
x(st)m, syt,−zt)dt, (3.34)
respectively.
The properties of these polynomials can be easily derived from those of the corresponding ones of the Hermite and
Laguerre based Gegenbauer polynomials by taking ν = 1 and ν = 1/2.
4. Concluding remarks
Very recently, Dattoli et al. [4] introduced the 2-variable generalized Legendre polynomials (2VgLeP) Pn(x, y\m), deﬁned
by the series
Pn(x, y\m) = 1√
π
[ nm ]∑
k=0
Γ (n + 1/2− (m − 1)k)(−x)n−mk(−y)k
(n −mk)!k! . (4.1)
These polynomials are introduced by taking the action of the following operator [4, p. 84(3.4)]:
Πˆ(m)(x, y) := 1√
π
∞∫
0
e−tt−1/2(−t)xDx exp
(
−ty ∂
m
∂xm
)
dt, (4.2)
on x
n
n! and then using the operational deﬁnition (1.26) and the property
rxDx f (x) = f (rx), (4.3)
of the dilation operator [9], so as to obtain
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{
xn
n!
}
= 1
n!√π
∞∫
0
e−tt−1/2H (m)n (−xt,−yt)dt, (4.4)
which yields deﬁnition (4.1).
In order to take the advantage of this technique, we introduce the following operator Πˆ(m)(x, y):
Πˆ
(m)
ν (x, y;α) := 1
Γ (ν)
∞∫
0
e−αttν−1(mt)xDx exp
(
−ty ∂
m
∂xm
)
dt. (4.5)
Now, operating Πˆ(m)ν (x, y;α) on xnn! and then making use of Eqs. (1.26), (4.3), (3.10) and (1.5), we obtain the following
operational representation for the 2V1PgGeP (m)C
(ν)
n (x, y;α):
(m)C
(ν)
n (x, y;α) = Πˆ(m)ν (x, y;α)
{
xn
n!
}
, (4.6)
which for m = 2 and in view of relation (1.9) yields the following operational representation for the 2V1PGeP C (ν)n (x, y;α):
C (ν)n (x, y;α) = Πˆν(x, y;α)
{
xn
n!
}
, (4.7)
where
Πˆν(x, y;α) = Πˆ(2)ν (x, y;α) = 1
Γ (ν)
∞∫
0
e−αttν−1(2t)xDx exp
(
−ty ∂
2
∂x2
)
dt. (4.8)
Now, to ﬁnd the operational representation for the 3V1PgGeP νC
(m,s)
n (x, y, z;α), we introduce the following generaliza-
tion of operator (4.5):
Πˆ
(m,s)
ν (x, y, z;α) := 1
Γ (ν)
∞∫
0
e−αttν−1(st)xDx exp
(
−mty ∂
m
∂xm
− tz ∂
s
∂xs
)
dt, (4.9)
which by using Eqs. (2.5), (4.3) and (2.8), gives
νC
(m,s)
n (x, y, z;α) = Πˆ(m,s)ν (x, y, z;α)
{
xn
n!
}
. (4.10)
Taking m = 2, s = 3 in Eq. (4.10) and using relation (2.13), we ﬁnd the following operational representation for the
3V1PGeP C (ν)n (x, y, z;α):
C (ν)n (x, y, z;α) = Πˆν(x, y, z;α)
{
xn
n!
}
, (4.11)
where
Πˆν(x, y, z;α) = Πˆ(2,3)ν (x, y, z;α) = 1
Γ (ν)
∞∫
0
e−αttν−1(3t)xDx exp
(
−2ty ∂
2
∂x2
− tz ∂
3
∂x3
)
dt. (4.12)
In particular, we note that
Πˆ
(m,s)
ν (x,0, z;α) = Πˆ(s)ν (x, z;α). (4.13)
Further, we introduce the following modiﬁcation of the operator Πˆ(m,s)ν (x, y, z;α):
Πˆ
∗(m,s)
ν (x, y, z;α) := 1
Γ (ν)
∞∫
0
e−αttν−1(st)xDx exp
(
(st)my
∂m
∂xm
− tz ∂
s
∂xs
)
dt. (4.14)
Now, operating Πˆ∗(m,s)ν (x, y, z;α) on xnn! and then making use of Eqs. (2.5), (4.3) and (3.12), we obtain the following
operational representation for the HGeP HC
(m,s)
n,ν (x, y, z;α):
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(m,s)
n,ν (x, y, z;α) = Πˆ∗(m,s)ν (x, y, z;α)
{
xn
n!
}
. (4.15)
Again, replacing x by y and y by D−1x in operator (4.14) and then taking the action of the resultant operator on
yn
n! and
using Eqs. (1.21), (4.3) and (3.25), we obtain the following operational representation for the LGeP LC
(m,s)
n,ν (x, y, z;α):
LC
(m,s)
n,ν (x, y, z;α) = Πˆ∗(m,s)ν
(
y, D−1x , z;α
){ yn
n!
}
. (4.16)
In this article, new special polynomials are introduced by using integral representation method and also by using tech-
niques associated with monomiality. The possibility of combining these two approaches to study new families of special
polynomials is a problem for further research.
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